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During the coalescence of binary black holes (BBHs), asymmetric gravitational wave (GW) emission
imparts a kick velocity to the remnant black hole, affecting observed waveforms and parameter estimation.
In this study, we investigate the impact of this effect on GW observations using space- and ground-based
detectors. By applying Lorentz transformations, we analyze waveform modifications due to kick velocities.
For space-based detectors, nearly 50% of detected signals require corrections, while for ground-based
detectors, this fraction is below one-third. For the Q3D population model, space-based detectors could
observe kick effects in over 60% of massive BBH mergers, while in POP3 model, this fraction could drop to
3 ∼ 4%. Third-generation ground-based detectors may detect kick effects in up to 16% of stellar-mass BBH
mergers. Our findings highlight the importance of incorporating kick velocity effects into waveform
modeling, enhancing GW signal interpretation and our understanding of BBH dynamics and astrophysical
implications.

DOI: 10.1103/2qg3-w39y

I. INTRODUCTION

The detection of GW150914 not only confirmed the
predictions of general relativity but also heralded the dawn
of gravitational wave (GW) astronomy [1]. Since then, the
LIGO-Virgo-KAGRA (LVK) collaboration has detected
nearly a hundred GW events, marking significant progress
in this field [2–7]. To further enhance sensitivity to weaker
signals, the development of third-generation detectors
such as the Einstein Telescope (ET) is underway [8]. Addi-
tionally, space-based detectors like laser interferometer space
antenna (LISA) [9], Taiji [10], and TianQin [11] are antici-
pated to begin operations in the 2030s. The advancements in
ground- and space-based detectors promise to provide a
wealth of data and broaden the scope of GW astronomy.
Among the diverse sources of GWs, binary black holes

(BBHs) hold particular significance. To date, all observed
GW events have originated from binary compact object
mergers, most of which are BBHs [12–14]. During the

coalescence process, BBHs lose energy, linear momentum,
and angular momentum through gravitational radiation,
leading to orbital decay and eventual merger [15–17]. The
final state of the remnant black hole (BH) is determined by
the initial configuration of the BBH [18–20]. Due to the
anisotropic emission of GWs, BBHs experience a net loss
of linear momentum, resulting in a recoil or kick velocity
that can reach thousands of km=s [21–23]. The first
identification of a large kick velocity for an individual
GW event (GW200129) has the velocity constraint of
∼1500 km=s, at 90% credibility [24,25]. This kick effect
is not only a critical aspect of GW physics but also has
profound astrophysical implications [26]. For instance, in
the case of stellar-mass binary black holes (SBBHs), the
remnant BH may participate in subsequent mergers [27–29].
Furthermore, for massive black hole binaries (MBHBs), the
remnant can significantly influence the formation and
evolution of its host galaxy [30–32].
Given the importance of the kick effect, it is essential to

develop accurate waveform models that incorporate the
complete inspiral-merger-ringdown (IMR) signal. Recent
studies have made some significant strides in this direction.
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Gerosa et al. employed GW waveform modeling to effi-
ciently extract kick velocities from typical BBH
systems [33]. Varma et al. demonstrated that accounting
for kick effects is crucial for avoiding systematic biases in
data analysis, particularly with third-generation detectors
[18]. References [34,35] use a surrogate model to predict
the GW waveform and remnant BH characteristics includ-
ing kick effects. Mahapatra et al. were the first to quantify
the precision with which future detectors can measure
the impact of kicks on gravitational waveforms [36].
Reference [21] introduced a method analogous to cosmo-
logical redshift, rescaling the total mass to calibrate wave-
form models. In Ref. [37], He et al. derived the explicit
Lorentz transformation of the GW tensor, enabling the
construction of waveforms for sources moving at arbitrary
velocities. Despite these advancements, the influence of full
kick velocity on observations across different detectors
remains underexplored.
Building on these foundational works and our previous

studies [38–40], we present a complete IMR waveform
model that incorporates the full kick velocity effect. Our
study systematically examines the impact of kick velocity
on GW detection by considering its temporal evolution and
components. We calculate the time transformation and
Lorentz transformation of the GW tensor across various
velocity frames and perform waveform modeling in differ-
ent parameter spaces. Simulations are conducted using
ground-based detectors (LVK and ET) for SBBHs and
space-based detectors (LISA, Taiji, and TianQin) for
MBHBs. Additionally, we evaluate the influence of kick
velocity on detection by analyzing several typical BBH
population models. This comprehensive investigation pro-
vides a robust framework for determining when and how
kick velocity should be accounted for in GW observations.
The structure of this paper is as follows. In Sec. II,

we review the computation of kick velocity and the
transformation of GW waveforms for moving sources.
Section III introduces the detectors used in this study,
including their configurations and noise power spectral
densities (PSDs). In Sec. IV, we describe the methodology
for calculating the signal-to-noise ratio (SNR), define the
parameter spaces for simulations, and introduce several
BBH population models. Section V presents our simulation
results, highlighting the effects of kick velocity on wave-
forms across different parameters and the outcomes of
observing various BBH population models with different
detectors. Finally, we summarize our key findings and
conclusions in Sec. VI. Throughout this paper, we use
natural units with c ¼ G ¼ 1, where c is the speed of light
and G is the gravitational constant.

II. GW SIGNAL

In the framework of general relativity, GW exhibits
two distinct polarizations. These can be mathematically
described in tensor form as

hij ¼ hþeþij þ h×e×ij; ð1Þ

where hþ and h× are the GW waveforms of plus and cross
modes, eþij and e

×
ij are the polarization tensors. Utilizing the

solar system barycenter (SSB) frame, we establish a right-
handed orthonormal basis to construct the GW polarization
tensor (see Refs. [38,41,42]). For GWs in the rest frame, we
employ SEOBNRE, which is the latest effective-one-body
numerical-relativity waveform model for eccentric spin-
precessing BBH coalescence [43,44]. The reference frames
are established as depicted in Fig. 1, where r̂ denotes the
propagation direction of the GW.
In four-dimensional spacetime, GWs exhibit the char-

acteristics of boost weight zero and spin weight 2, which
complicates the understanding of Lorentz transformation.
Moreover, GW represented in the form of a three-dimen-
sional tensor can be calculated and transformed in any
coordinate system [45,46]. Hence, the Lorentz transforma-
tion of GW can be conducted via the three-dimensional
Lorentz tensor transformation. A comprehensive derivation
of this transformation is provided in Ref. [37]. The GW
waveform of moving source with arbitrary velocity can be
constructed as

hij0 ¼ hij þ vkhklvl
1

ð1 − r̂ · v⃗Þ2
�
r̂ir̂j −

γ

1þ γ
ðr̂ivj þ vir̂jÞ

þ γ2

ð1þ γÞ2 vivj
�
þ vkhkj

1

1 − r̂ · v⃗

�
r̂i −

γ

1þ γ
vi

�

þ vkhik
1

1 − r̂ · v⃗

�
r̂j −

γ

1þ γ
vj

�
; ð2Þ

with

FIG. 1. Diagram of the SSB frame (X, Y, Z) and source frame
(x, y, z). We define a coordinate system where the z-axis aligns
with the orbital angular momentum of the BBH, and the x-z plane
includes the line connecting the BBH and the detector.
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γ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p ; ð3Þ

where v⃗ is the velocity of the moving frame relative to the
rest frame. The coordinate time transformation resulting
from the Lorentz transformation can be expressed as

h0ijðtÞ ¼ h0ijðt0=kÞ; ð4Þ

with

k ¼ 1

γð1 − v⃗ · r̂Þ ; ð5Þ

where t and t0 represent the time in the rest frame and
moving frame, respectively. It is important to note that both
the SSB frame and the source frame in Fig. 1 are rest
frames. Specifically, the source frame corresponds to the
rest frame during the early inspiral phase, when the kick
velocity is negligible. The reference time point for the rest
source frame is t ¼ −2000 M, where M is the total mass
and serves as a free scale. The transformation of kick
velocity components between the SSB and source frames is
detailed in Ref. [37].
The kick velocity primarily depends on the system

configuration (mass ratio and spins) and the dynamics
of the merger, but not on the total mass (free scale) [26].
The definition of the BBH spins and their components is
illustrated in Fig. 2. The kick velocity for generic BBH
systems can be accurately determined using a numerical-
relativity surrogate model [47,48]. We employ the PYTHON

program SURRKICK to calculate BBH kicks using the
simulating eXtreme spacetimes surrogate model
NRSUR7DQ2 [33]. The resulting kick velocities are used
to transform GW waveforms from the rest frame to the
moving frame. Additionally, the components of the kick
velocity are evaluated in the source’s rest frame. To
investigate the influence of spin states on the final kick
velocity, we compute these effects, as shown in Fig. 3.

By varying the spin angles of BH2, we observe the
impact of spin states on the final kick velocity. As illus-
trated in Fig. 3, higher kick velocities occur when the two
spin directions are nearly perpendicular. Furthermore,
degeneracy exists among various angles, meaning that
different spin angles can yield the same final kick velocity.
Note that we only present the final kick velocity; temporal
variations in the kick velocity components may differ. For a
more detailed analysis of the effects of mass ratios and
complex spin states on kick velocity, refer to Ref. [33].
Using SEOBNRE for GW waveform generation in the rest

frame, SURRKICK for calculating time-dependent kick
velocity components, and combining Eqs. (2) and (4) for
the Lorentz transformation, we construct GW waveforms
that incorporate kick velocity effects for any BBH con-
figuration. We select a specific SBBH and compute its
waveform characteristics in both the time and frequency
domains, considering scenarios with and without kick
velocity. The results are illustrated in Figs. 4 and 5. To
illustrate the differences with and without kick velocity, the
kick velocities in Figs. 4 and 5 have been artificially
amplified.
From Fig. 5, the kick velocity during the inspiral phase is

relatively small. During the merger phase, the energy
radiated by the BBH system leads to a significant increase
in the kick velocity. In the ringdown phase, the remnant BH
continues to move at a constant velocity. Consequently,
differences in GW waveforms are most pronounced
during the merger and ringdown phases. Specifically, the
positive and negative projections of the kick velocity along
the line-of-sight direction R̂ induce redshift and blueshift
effects in the GW waveform. These effects are clearly
visible in both the time and frequency domains, as shown in
Figs. 4 and 5.

FIG. 2. Diagram of the BBH spin components in the source
frame. The BH with the larger mass is labeled as spin χ⃗1, and the
BH with the smaller mass is labeled as spin χ⃗2.

FIG. 3. Final kick velocities for different spin angles. For an
equal-mass BBH system, we set χ1 ¼ 0.4 and χ2 ¼ 0.8, with
angles α1 ¼ θ1 ¼ 0, indicating that the spin of BH1 is entirely
perpendicular to the orbital plane. All results are calculated using
SURRKICK code [33].
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As shown in Fig. 4, the kick velocity affects the GW
waveform and alters the SNR. Although these changes are
small, they may become observable for high-mass BBH
systems and detectors with high sensitivity. Therefore,
when observing high-SNR BBH events, the influence of
kick velocity on GW waveforms must be considered. In
Sec. V, we evaluate the impact of these differences across
various detectors.

III. DETECTORS

Several space-based detectors, including LISA, Taiji,
and TianQin, are expected to launch in the mid-2030s
[49–51]. These detectors will observe GWs in the millihertz
frequency band, with their sensitivity and detection capa-
bilities varying due to differences in arm length and orbital
configuration. LISA and Taiji have arm lengths on the order
of 106 km, approximately one order of magnitude longer
than TianQin. Additionally, while LISA and Taiji operate in
heliocentric orbits, TianQin is positioned in a geocentric
orbit, resulting in a distinct sensitive frequency range.
Each detector consists of a triangular formation of three

spacecraft. Taiji proposes three orbital configurations:
Taiji-p, Taiji-c, and Taiji-m, which maintain identical
sensitivity levels but differ in their network configurations
with LISA [52–54]. Similarly, TianQin’s sensitivity varies

FIG. 4. Comparison of frequency-domain GW waveforms
with and without kick velocity. Note that the differences in the
waveforms have been amplified, with the calculated kick velocity
being 60 times the actual kick velocity. (a) Illustrates the
frequency-domain GW waveforms for the three cases (BBH
parameters are shown in Fig. 5). (b) Provides a cumulative
comparison of SNR over time, with the relative SNR values
calculated using the case without kick velocity (SNR0) as the
baseline. Calculation of SNR uses the LIGO design PSD
(T1800044) [5].

FIG. 5. Comparison of time-domain GW waveforms with and without kick velocity. The GW waveform of an SBBH
(m1 ¼ 50M⊙; m2 ¼ 40M⊙; DL ¼ 500 Mpc; e ¼ 0.1; ι ¼ Θ ¼ Φ ¼ Ψ ¼ 1;Mfref ¼ 0.0066) is observed by LIGO over 2000 M
before coalescence. The time t ¼ 0 is the coalescence time. To emphasize the impact of kick velocity, all content in the image is
based on an amplified kick velocity, with a magnification factor of 60. (a) Represents the complete GW waveform, incorporating
amplified kick velocities of 0, vk, and −vk, respectively. (b) Illustrates the temporal evolution of the kick velocity components without
amplification. The unit vector R̂ denotes the direction of the line of sight from observer to source and x̂ − ŷ − ẑ are the basis of the source
frame. (c) and (d) provide enlarged views of (a) and (b) during the merger and ringing-down phases, respectively.
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based on the orientation of the constellation plane’s normal
direction [55]. Detailed descriptions of these configurations
can be found in Refs. [39,40,56].
In contrast to the planned space-based detectors, only

ground-based detectors are currently operational. These
include the LVK network’s four facilities: LIGO Hanford
(H1), LIGO Livingston (L1), Virgo (V1), and Kamioka
gravitational wave detector (KAGRA) (K1) [57–59]. These
detectors employ L-shaped interferometer designs, while
the third-generation detector, ET, utilizes a triangular
configuration that effectively functions as a network of
three independent detectors [60–62].
Ground-based detectors are affected by various noise

sources, such as quantum noise, seismic noise, gravity-
gradient noise, and thermal noise. For our calculations, we
use the design noise PSD [63–66]. For space-based detec-
tors, we account for the impact of time-delay interference
(TDI) on both signal and noise, focusing on the PSD
of secondary noise components: displacement noise
and acceleration noise. These are calculated using the
XYZ channels of second-generation TDI technology (see
Ref. [38]). The noise PSD of these detectors is used to
compute the inner product, which is essential for calculat-
ing the SNR and error in Secs. IV and V.

IV. METHODOLOGY

A. Data analysis

In the field of GW data processing and analysis, the inner
product is conventionally defined as [67]

ðajbÞ ¼ 4Re

�Z
∞

0

ã�ðfÞb̃ðfÞ
SnðfÞ

df

�
; ð6Þ

where SnðfÞ is the noise PSD of detector, and ãðfÞ and
b̃ðfÞ are the Fourier transforms of aðtÞ and bðtÞ, respec-
tively. For a time-domain signal hðtÞ, the SNR can typically
be expressed as [67]

SNR2 ¼ ðhjhÞ: ð7Þ

For a detector network, the joint SNR can be expressed as
the sum of individual inner products [56],

SNR2 ¼
X
i

SNR2
i ¼

X
i

ðhijhiÞ: ð8Þ

The SNR is a critical metric for assessing the detectability
of GW signals. In this study, we adopt an SNR threshold of
8: signals with SNR ≥ 8 are considered detectable, while
those with SNR < 8 are deemed undetectable [68,69].
In addition to SNR, the accuracy requirement of waveform

modeling is essential for extracting scientific information effi-
ciently. Utilizing an appropriate precision waveform ensures
the comprehensive extraction of scientific information from

the data while avoiding unnecessary computational re-
source burdens caused by excessive accuracy requirements
[40]. We employ the method from Ref. [70] to compare the
rest-frame waveform h0 with the waveform hk, which
includes the kick velocity effect. The discrepancy between
these waveforms is quantified by the Error:

Error ¼ ðδhjδhÞ; ð9Þ

where δh ¼ h0 − hk denotes the waveform error. For a
detector network, the joint Error is calculated similarly
to Eq. (8).
This method employs a simple yet strict accuracy

requirement calculation method. The δh is assessed using
the Fisher information matrix. If Error < 1, the waveforms
are considered indistinguishable, whereas if Error ≥ 1,
they are distinguishable. In practical terms, Error < 1
implies that the detector cannot differentiate between
the waveforms, and higher accuracy is unnecessary.
When Error ≥ 1, less accurate waveforms may compromise
measurements, necessitating consideration of the kick
velocity effect. Compared with mismatch, the method used
to compute Error imposes a more stringent requirement, as
detailed in Refs. [40,70–72]. Additionally, the calculation
of Error requires only a single inner product computation,
making it more efficient than the three inner product
calculations required for mismatch. This efficiency is a
key reason for our choice to use Error as the metric for
waveform accuracy in this study. Consequently, we rely on
SNR and Error as the two primary metrics to comprehen-
sively assess the impact of kick velocity on waveforms and
to evaluate the performance of various detectors.

B. BBH source selection

In this paper, we consider two scenarios for BBH source
selection. First, to study the impact of kick velocity under
varying parameters, we randomly sample values from
different parameter spaces and evaluate the results across
multiple detectors. Second, to reflect practical detection
capabilities, we select representative BBH population
models to determine whether detectors can discern the
kick velocity effect.
In the generation of GW signals, we take into account a

total of 16 parameters, listed as follows:

ξ ¼ �
M; q;DL; e;ϕ0; ι; tc;Θ;Φ;Ψ

χ1; α1; θ1; χ2; α2; θ2
�
; ð10Þ

where q is the mass ratio,DL is the luminosity distance, e is
the orbital eccentricity, ϕ0 is the initial phase, ι is incli-
nation angle, tc is the coalescence time, ðΘ;ΦÞ is the sky
position, Ψ is polarization angle, and ðχ1; α1; θ1; χ2; α2; θ2Þ
are the spin parameters (see Fig. 2). We set the reference
frequency fref for defining eccentricity and spin to 0.95f0,
where f0 represents the GW frequency at t ¼ −2000 M.
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The parameter ranges, detailed in Table I, are based on
Refs. [39,40,73,74] and SURRKICK [33]. We employ a
random sampling method to select the parameters of the
BBH source based on this distribution, ensuring that
sources with diverse parameters are as comprehensively
covered as possible within the parameter space. For
cosmological modeling, we adopt the Λ cold dark matter
(ΛCDM) model with parameters from the Planck 2018
results [75]: Hubble constant H0 ¼ 67.37 km s−1Mpc−1,
matter density parameter Ωm ¼ 0.315, and dark energy
density parameter ΩΛ ¼ 0.685. Note that the parameters in
Table I are in the source frame; redshift effects are
accounted for by scaling the mass by (1þ z).
In addition to employing random sampling in the

parameter space to assess waveform modeling accuracy
in Sec. VA, we also consider several representative BBH
population models in Sec. V B to evaluate the impact of
kick velocity in actual observations.
For the SBBH observed by ground-based detector, there

is minimal variation between different models after apply-
ing LVK observational constraints [76–78]. We select the
power-law distribution for the mass model and adopt the
Madau-Dickinson star formation rate [79]. On this basis,
two types of models are defined: POPA, which does not con-
sider the peak component of the mass function, and POPB,
which incorporates this peak component. For the MBHB
observed by space-based detector, astrophysics proposes
various population models in the absence of actual GW
event constraints. Specifically, we consider three primary
population models: POP3, Q3ND, and Q3D [80]. The POP3

model represents a light seed model where MBHB seeds
originate from the remnants of PopIII stars [81]. The Q3

models represent a heavy seed model where MBHB seeds
originate from the collapse of protogalactic disks [82].
Furthermore, Q3D incorporates the delay between MBHB
and galaxy mergers, whereas Q3ND does not account for
this delay. For the above five BBH population models, we
utilize GWTOOLBOX to generate source parameters for
calculation in Sec. V [83,84].

V. RESULTS

A. Effect of kick velocity

We construct two datasets, each consisting of 10,000
SBBHs and MBHBs, as detailed in Table I. By simulating
GW signals from these datasets and analyzing them with
various detectors, we compute the corresponding SNRs and
Errors. All results presented correspond to detectable GW
signals, i.e., SNR ≥ 8. To examine the impact of kick
velocity, we present the results for LISA and ET in Fig. 6.
From Fig. 6, it can be observed that when the SNR is

low, the Error for distinguishing between h0 and hk
waveforms remains below 1, indicating that the detector
cannot reliably differentiate between these waveforms.
Conversely, with a sufficiently high SNR, the two wave-
forms become distinguishable regardless of the kick veloc-
ity. For intermediate SNR values, a smaller kick velocity
requires a higher SNR to achieve waveform differentiation.

TABLE I. Parameter distribution used in calculation. U½a; b�
represents a uniform distribution from a to b.

Parameter Distribution Unit

logðMÞ [space] U½4; 8� M⊙
M [ground] U½10; 180� M⊙
q U½1; 2�
logðDLÞ [space] U½0.25; 2.5� Gpc
logðDLÞ [ground] U½1.5; 4� Mpc
logðeÞ U½−4;−1�
tc U½0; 1� yrs
χ1=2 U½0; 0.8�
ϕ0;Φ;Ψ; α1=2 U½0; 2π� rad
Θ; θ1=2 arcsinðU½−1; 1�Þ rad
ι arccosðU½−1; 1�Þ rad

FIG. 6. Comparison and distribution of SNR and kick velocity.
(a) and (b) show the results for LISA and ET, respectively. The
solid and dashed lines represent the 90% and 50% confidence
intervals. The smaller plots on the right and top illustrate the
probability densities of kick velocity and SNR.
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The density distribution further shows that distinguishable
cases generally exhibit significantly higher SNR and kick
velocities compared to indistinguishable cases. Since
increased kick velocity has a more pronounced effect on
the waveform and a larger SNR enhances signal strength,
the detector’s ability to distinguish between waveforms
improves. Thus, the influence of kick velocity on waveform
characteristics must be carefully considered.
In this study, the kick velocity is derived from the

parameters of the BBH system and is not treated as an
independent parameter. Consequently, our primary focus is
on the distribution of SNR and Error across various
detectors. The results are presented in Fig. 7.

As illustrated in Fig. 7, there is a roughly positive
correlation between Error and SNR. A higher SNR is
typically associated with a larger Error, as inferred from
the inner product calculation [Eq. (6)]. For space-based
detectors, GW signals with an SNR below 100 are nearly
indistinguishable, making it impossible to observe the
effect of kick velocity. Conversely, almost all signals
with SNRs exceeding 2500 can be clearly distinguished.
Additionally, the density distribution reveals that Taiji
performs best, exhibiting the highest SNR and Error values,
followed closely by LISA, while TianQin shows a rela-
tively larger gap. These outcomes are directly linked to the
arm length and sensitivity of the detectors [38–40]. In terms
of overall distribution, more than one-third of the cases are
distinguishable.
For ground-based detectors, GW signals with an

SNR below 70 are almost indistinguishable, making dis-
cernible signals rare for second-generation detectors. Due
to the superior sensitivity of ET compared to LVK, some
GW signals can still be distinguished. For instance, for
GW150914-like events, the Error margins reported by
the LVK are all below one, rendering the effect of kick
velocity unobservable. In contrast, the ET may potentially
detect this effect. Additionally, limited by the BBH source
characteristics and detector capabilities, the proportion of
distinguishable cases in ground-based detectors is smaller
than that in space-based detectors.
In summary, within the defined parameter space, space-

based detectors have the potential to observe the effect of
kick velocity, which is nearly impossible for second-
generation ground-based detectors but remains a possibility
for third-generation ground-based detectors. In the follow-
ing section, we explore the different population models of
BBH and the detector network in detail.

B. Effect on detection

The calculations within the parameter space strike a
balance between waveform modeling accuracy and com-
putational resource requirements. By utilizing diverse
population models, we gain a deeper understanding of
potential scenarios encountered in actual observations.
Specifically, Table II presents the results from three
MBHB population models observed by the space-based
detectors, while Table III details findings from two SBBH
population models observed by ground-based detectors.
Additionally, Fig. 8 illustrates the distribution of total
mass M and redshift z across different population models.
Notably, the fitting lines in Fig. 8 are included solely
for illustrative purposes and are not employed in the
calculations.
The parameter distribution of BBH sources varies

significantly across different population models. As illus-
trated in Fig. 8, the three MBHB population models exhibit
notable differences. The number of MBHBs varies across
different population models. In our simulation, the numbers

FIG. 7. Comparison and distribution of SNR and Error.
(a) and (b) depict the results obtained from space- and
ground-based detectors, respectively. The lines are similar to
those in Fig. 6. The red horizontal line represents Error ¼ 1,
which is the dividing line between distinguishable and
indistinguishable. The event in (b) represents the result of
GW150914-like events (m1 ¼ 35.6þ4.7

−3.1M⊙; m2 ¼ 30.6þ3
−4.4M⊙;

DL ¼ 440þ150
−170 Mpc [12]) in LVK and ET.
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of MBHBs used for the three models (POP3, Q3ND, and Q3D)
are 890, 630, and 50, respectively. Specifically, the POP3

model features a smaller MBHB source mass, primarily
concentrated within the range of 103 to 105M⊙, placing
most of these sources outside the detector’s resolution
range. In contrast, the mass ranges for the Q3D and Q3ND

models are similar, predominantly falling between 105

and 107M⊙. While the Q3ND model exhibits a higher
redshift distribution, the MBHB sources of the Q3D model
have a redshift less than 8, with the lowest total number
among the three models. Consequently, the distinguishable
proportions in Table II are highest for the Q3D model,
followed by the Q3ND model, and lowest for the POP3

model.
In contrast to the MBHB population model, the two

SBBH population models exhibit similar characteristics.
Considering the large number of SBBHs in the population
model, we set the number of SBBHs to 1000 for both of
these population models in our simulation. Compared to
the POPA model, the POPB model includes an additional
mass peak component, which results in a marginally higher
distinguishable proportion. Overall, the outcomes of the
POPA and POPB models are largely consistent, as illustrated
in Table III.

TABLE III. Distinguishable proportions of various ground-
based detectors and networks within three MBHB population
models.

POPA POPB

L1 0.21% 0.39%
LVK 0.91% 1.03%
ET 12.76% 16.32%
LVKþ ET 12.96% 16.84%

TABLE II. Distinguishable proportions of various space-based
detectors and networks within three MBHB population models.
Herein, TJ denotes Taiji, while TQ refers to TianQin.

POP3 Q3ND Q3D

LISA 1.69% 23.49% 40.0%
Taiji 3.15% 33.02% 54.0%
TianQin 0.79% 7.78% 14.0%
LISAþ TJp 3.6% 39.05% 62.0%
LISAþ TJc 3.37% 38.73% 62.0%
LISAþ TJm 3.93% 39.68% 62.0%
LISAþ TQ 1.91% 24.92% 46.0%
TJþ TQ 3.15% 33.49% 56.0%

FIG. 8. Comparison of different population models with space- and ground-based detectors. (a), (b), and (c) represent the three
population models POP3, Q3ND, and Q3D of MBHB, respectively. Meanwhile, (d) and (e) correspond to the two population models
POPA and POPB of SBBH. The lines in the figure are derived from polynomial fitting based on the condition Error ≈ 1, as described in
Sec. VA, serving a schematic purpose only. The region below the line indicates the discernible scenario, whereas the region above the
line represents the indistinguishable scenario. The results in Tables II and III are obtained through calculations, not through the fitted
lines in the figure.
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For a single space-based detector, the conclusions
presented in Table II are consistent with those illustrated
in Fig. 7. When considering detector networks, the results
remain largely similar to those obtained from single
detectors. The optimal configuration is LISAþ TJ, as these
represent the two most effective individual detectors.
TJþ TQ ranks second, while LISAþ TQ exhibits the
lowest percentage of resolvable signals. Unlike in single-
detector scenarios, variations in Taiji configurations do not
significantly impact the overall results. However, within the
LISAþ TJ network, different constellation configurations
yield slightly varying outcomes. Specifically, the LISAþ
TJm constellation plane has the largest angle in the normal
direction, providing the highest resolution capability
and thus achieving the best performance. Conversely, the
LISAþ TJc constellation plane, sharing an identical nor-
mal orientation, is the least distinguishable among the three
configurations (for further analysis, see Ref. [39]).
Unlike space-based detectors, the results obtained from

ground-based detectors are significantly more succinct.
The performance gap between second-generation and
third-generation ground-based detectors is substantial.
For instance, the current network of four detectors, collec-
tively referred to as LVK, can resolve signals with a
probability of less than 1%, whereas ET achieves distin-
guishable proportions exceeding 10%. When considering
the combined capabilities of LVKþ ET, the improvement
remains modest compared to ET alone. LIGO has limited
capability to observe the effects of kick velocity, whereas
ET demonstrates potential in identifying some of these
phenomena.
In future observations, it is necessary to account for

kick velocity. According to the optimistic model, over half
of the MBHB sources are expected to exhibit observable
kick effects in space-based detectors. Additionally, third-
generation ground-based detectors are anticipated to detect
kick effects from more than 10% of SBBH sources.
Consequently, employing more precise waveform model-
ing will significantly enhance signal processing and the
extraction of scientific information from BBH sources.

VI. CONCLUSION

In this paper, we investigate the influence of kick
velocity on GW waveforms and its implications for
detection by both space- and ground-based detectors. By
applying the Lorentz tensor transformation, we analyze the
GW waveform between moving and rest frames, utilizing
SURRKICK to generate time-dependent kick velocity com-
ponents and SEOBNRE to produce the corresponding GW
waveforms. For space-based detectors, we consider LISA,
Taiji, and TianQin for observingMBHBs; for ground-based
detectors, we focus on LVK and ET. We sample BBH
source data within the parameter space and calculate the

SNR and Error for each detector. Additionally, we employ
several representative BBH population models to simulate
potential future detection scenarios. Through these method-
ologies, we systematically evaluate and analyze the impact
of kick velocity on GW observations.
Our results emphasize the critical balance between

achieving accurate waveform modeling under the influence
of kick velocity and managing computational resources.
For waveform modeling in parameter space (Tabel I),
GW signals with higher SNR are more likely to exhibit
observable effects from kick velocity (see Fig. 7).
Specifically, within the operational parameters of space-
based detectors, nearly 50% of GW signals require con-
sideration of kick velocity effects on their waveforms.
For ground-based detectors, this proportion is less than
one-third for ET observations. Overall, our findings under-
score the necessity of incorporating kick velocity effects in
waveform modeling for both space- and ground-based
detectors.
When evaluating observations of several typical BBH

population models (see Fig. 8 and Tables II–III), we find
that in an optimistic scenario, space-based detector net-
works can observe the kick effect in over 60% of MBHB
sources, while in a pessimistic scenario, this proportion
drops to 3 ∼ 4%. Second-generation ground-based detec-
tors are expected to observe the kick effect in approx-
imately 1% of SBBH sources, whereas third-generation
detectors may observe this effect in up to 16% of cases.
Overall, space-based detectors have a significantly higher
possibility of detecting the effects induced by kick veloc-
ities. This capability is anticipated to yield valuable
scientific insights, facilitating further research into the
structure and evolution of galaxies.
In future research, we plan to significantly broaden our

scope. Specifically, we intend to extend our investigations
to modified gravity theories, incorporating GW waveforms
with six polarization modes. Additionally, we will explore
the practical applications of GW waveforms that account
for kick velocities in the real data processing [85]. We can
employ kick inference derived from numerical relativity
fitting to estimate the retention probability within clusters
and investigate the hierarchical mergers of BHs [86,87].
This will involve using matched filtering techniques to
perform Markov Chain Monte Carlo inference on existing
LVK event data. We anticipate that these efforts will yield
comprehensive and valuable insights into the effects of
kick velocities, providing a robust foundation for further
research in this field.
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